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HYPERBOLIC LINKS ARE NOT GENERIC
ANDREI V. MALYUTIN
Abstract. We show that if K is a nontrivial knot then the proportion of
satellites of K among all of the prime non-split links of n or fewer crossings
does not converge to 0 as n approaches infinity. This implies in particular
that the proportion of hyperbolic links among all of the prime non-split links
of n or fewer crossings does not converge to 1 as n approaches infinity. We
consider unoriented link types.
1. Introduction
The concept of hyperbolicity has many incarnations and relates to a series of
interesting phenomena in various areas of mathematics. In geometric topology,
hyperbolicity appears in particular in Thurston’s classifications. For instance,
Thurston’s trichotomy on knot complements says that the set of knots splits into
the classes of satellite, torus, and hyperbolic ones. Similar classifications are
known for links, 3-manifolds, surfaces and surface automorphisms, groups acting
on 1-dimensional manifolds, etc. These classifications sound counter-intuitive
because each of the classes involved looks rather special and scarce at first glance,
while the union of these seemingly insufficient classes forms the whole thing.
In some cases, the answer to this paradox is provided by hyperbolicity in the
sense that hyperbolic (or hyperbolic-like) objects turn out to be generic. Well-
known examples here are hyperbolic surfaces and pseudo-Anosov automorphisms
in mapping class groups of surfaces. See [Mal18] for more details and references.
The present paper deals with the case of links. Statistics show that the over-
whelming majority of prime knots and links of small complexity is of hyperbolic
type (see [HTW98, Bur18, Mal18]), and it was widely believed for some time that
generic prime knots and links are hyperbolic (see, e. g., [Ad94, Rat06]). However,
in the cases of knots, links, and 3-manifolds there is a counter-argument to the
conjecture that hyperbolic elements are generic. The key point of this counter-
argument is that the satellite structures in the mentioned cases can be local in
a certain sense. Presumably, this locality property may or may not appear in
different representations of knots and links, so that distinct types of knots/links
can be generic with respect to different representations and complexity measures.
In this paper, we consider the crossing number as a complexity measure for links
and prove the following theorem.
Theorem 1. If K is a nontrivial knot, then the proportion of satellites of K
among all of the prime non-split links of n or fewer crossings does not converge
to 0 as n approaches infinity. More precisely, if cr(K) is the crossing number
of K, Pn is the number of prime non-split links of n or fewer crossings, and
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Sn(K) is the number of satellites of K among prime non-split links of n or fewer
crossings, then we have
lim sup
n→∞
Sn(K)
Pn
>
1
1 + (10.4)6(4 cr(K)+1)
> 10−26 cr(K).
Furthermore, if K is prime, then we have
lim sup
n→∞
Sn(K)
Pn
>
1
1 + (10.4)6 cr(K)
> 10−7 cr(K).
In the case of the trefoil knot 31 (cr(K) = 3), Theorem 1 yields the following.
Corollary 1. The proportion of hyperbolic links among all of the prime non-
split links of n or fewer crossings does not converge to 1 as n approaches infinity.
More precisely, let Pn (resp., Hn, Sn) denote the number of prime non-split (resp.,
hyperbolic, prime non-split satellite) links of n or fewer crossings. Then
lim sup
n→∞
Sn
Pn
>
1
1 + (10.4)18
> 10−19,
and therefore
lim inf
n→∞
Hn
Pn
< 1− 10−19.
Remark 1. Theorem 1 does not imply that the proportion of hyperbolic knots
among all of the prime non-split knots of n or fewer crossings does not converge
to 1 as n approaches infinity.
Remark 2. A certain modification of our method strengthens the estimates of
Theorem 1 and Corollary 1. In particular, the constant 10−19 of Corollary 1 can
be replaced with 10−13, and the constants 10−26 and 10−7 of Theorem 1 can be
replaced with 10−17 and 10−5, respectively.
The paper is organized as follows. Section 2 describes the idea of the proof of
Theorem 1 and presents a series of propositions involved in this proof. The subse-
quent sections contain proofs of these propositions. Our constructions should be
interpreted as being in either the PL or smooth category. For standard definitions,
we mostly use the conventions of [BZ06] and [BZH13]. There will be a certain
abuse of language in order to avoid complicating the notation. In particular, a
link will be a smooth compact one-dimensional submanifold in the 3-sphere S3
or in R3, a pair (S3, L), or a class of homeomorphic pairs (cf. [BZ06, p. 1]). No
orientations on links and spaces are placed if not otherwise stated. In particular,
when counting links, we consider a link as a class of homeomorphic non-oriented
pairs (S3, L).
2. The idea of the proof of Theorem 1
A central concept of our proof of Theorem 1 is that of K-entanglements.
Definition 1 (Entanglements and disentanglements of links). We recall that
the wrapping number of a link X in a solid torus U is the minimum number
of intersections of X with any meridional disk of U . If U is embedded in the 3-
sphere S3, then there exists an essential curve in ∂U that bounds a 2-sided surface
in S3 \ int(U) (a Seifert surface); this curve is unique up to isotopy on ∂U and is
called a longitude of U in S3 (see, e. g., [BZ06, Theorem 3.1]). Now, let L be a
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link in the 3-sphere S3, and let V be an unknotted solid torus in S3 such that L
is contained in the interior of V . Let W be a tubular neighborhood of a knot K
in S3, and let ψ : V →W be a homeomorphism. If the wrapping number of L in V
is nonzero then the link ψ(L) ⊂ S3 is a satellite of K. If the wrapping number
of L in V is at least 2 and ψ is untwisted in the sense that it maps a longitude
of V to a longitude of W , we say that ψ(L) is a K-entanglement for L and L
is a K-disentanglement for ψ(L). If, in addition, a pair of distinct components
of L have nonzero wrapping number in V each, then we say that ψ(L) is a reliable
K-entanglement for L.
Remark 3. Definitions obviously imply that a prime non-split link L is a K-en-
tanglement if and only if L is a proper satellite of K.
Another concept playing a key role in our proof is as follows.
Definition 2 (Regular knots; see [Mal18]). If P is a knot and x is a real number,
we say that P is x-regular if we have x ·cr(P ) ≤ cr(K) whenever P is a factor of a
knotK. If there exists a knotK such that P is a factor ofK and cr(K) < x·cr(P ),
we say that P is non-x-regular.
Remark 4. If the conjecture that the crossing number of knots is additive with
respect to connected sum is true, then each knot is 1-regular. Results of [La09]
imply that each knot is 1152 -regular. If x < y then each y-regular knot is x-regular.
See [Mal18] for more details.
Proposition 1. Let K be a nontrivial knot.
(i) All K-entanglements of non-split links are non-split.
(ii) All reliable K-entanglements of prime non-split links are prime.
(iii) If K is prime, then the K-entanglements over distinct links L1 and L2 are
distinct whenever L1 and L2 are not K-entanglements.
(iv) If a prime non-split link L is not a non-23 -regular knot, then there exists
a prime K-entanglement L′ for L with cr(L′) ≤ cr(L) + 6 cr(K).
Proposition 2. The proportion of non-34 -regular prime knots among all of the
prime non-split links of n or fewer crossings converges to 0 as n approaches in-
finity.
Propositions 1 and 2 will be proved in subsequent sections. Now, we deduce
Theorem 1 from these propositions. The argument is similar to that of Proposi-
tion 3.6 in [Mal18].
Proof of Theorem 1. We use the following notation:
Pn is the number of prime non-split links of n or fewer crossings,
Nn is the number of non-
2
3 -regular knots of n or fewer crossings, and
Sn(K) is the number of satellites of K among prime non-split links of n or fewer
crossings.
First, we consider the case where K is prime. By definition, each K-entangle-
ment is a satellite of K. Then assertions (iii) and (iv) of Proposition 1 imply that
for all n we have
Sn+6 cr(K)(K) ≥ Pn − Sn(K)−Nn.
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This is equivalent to the following inequality
Sn+6cr(K)(K)
Pn+6 cr(K)
≥
(
1− Sn(K) +Nn
Pn
)
· Pn
Pn+6 cr(K)
,
which implies that
(1) lim sup
n→∞
Sn+6 cr(K)(K)
Pn+6 cr(K)
≥ lim inf
n→∞
(
1− Sn(K) +Nn
Pn
)
· lim sup
n→∞
Pn
Pn+6 cr(K)
=
(
1− lim sup
n→∞
Sn(K) +Nn
Pn
)
· lim sup
n→∞
Pn
Pn+6 cr(K)
.
Since we have
lim sup
n→∞
Sn+6cr(K)(K)
Pn+6 cr(K)
= lim sup
n→∞
Sn(K)
Pn
while by Proposition 2 we have
lim sup
n→∞
Nn
Pn
= lim
n→∞
Nn
Pn
= 0,
it follows that (1) is equivalent to the inequality
(2) lim sup
n→∞
Sn(K)
Pn
≥ 1
1 +
(
lim sup
n→∞
Pn
Pn+6 cr(K)
)
−1 =
1
1 + lim inf
n→∞
Pn+6cr(K)
Pn
.
We observe that
lim inf
n→∞
Pn+6 cr(K)
Pn
≤ lim sup
n→∞
(
n
√
Pn
)6 cr(K)
≤ lim sup
n→∞
( n
√
n · pn)6 cr(K) = lim sup
n→∞
( n
√
pn)
6 cr(K) ,
where pn is the number of prime non-split links of precisely n crossings (so that
Pn = p1+· · ·+pn). An estimate for lim sup
n→∞
n
√
pn comes from a paper of Alexander
Stoimenow [St04], whose results imply that
lim sup
n→∞
n
√
pn ≤
√
13681 + 91
20
< 10.4.
Therefore, we have
(3) lim inf
n→∞
Pn+6 cr(K)
Pn
< (10.4)6 cr(K).
Plugging (3) into (2) produces the required
lim sup
n→∞
Sn(K)
Pn
>
1
1 + (10.4)6 cr(K)
> 10−7 cr(K).
In the case where K is composite, we apply cable knots. A knot Y is said to
be a cable knot over a knot X if Y is a proper satellite of X contained in the
boundary torus ∂V of a tubular neighborhood V of a representative of X. We
recall that
• each nontrivial knot X has a cable knot Y over X with cr(Y ) ≤ 4 cr(X)+1
(Y can be obtained by “doubling” a minimal diagram of X and “adding”
a crossing);
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• each cable knot over X is a prime satellite of X (see [Schu53, p. 250,
Satz 4], [Gra91, Cor. 2]).
Let K2 be a cable knot over K with cr(K2) ≤ 4 cr(K) + 1. Since K2 is prime, by
the first part of the present proof we have
lim sup
n→∞
Sn(K2)
Pn
>
1
1 + (10.4)6 cr(K2)
.
Since K2 is a satellite of K, it follows that each satellite of K2 is a satellite of K,
so that we have Sn(K) ≥ Sn(K2). Thus we have (given that cr(K) ≥ 6 because K
is composite)
lim sup
n→∞
Sn(K)
Pn
≥ lim sup
n→∞
Sn(K2)
Pn
>
1
1 + (10.4)6 cr(K2)
≥ 1
1 + (10.4)6(4 cr(K)+1)
≥ 1
1 + (10.4)24 cr(K)+6
≥ 1
1 + (10.4)25 cr(K)
≥ 10−26 cr(K). 
3. Proof of Assertion (i) of Proposition 1
We show that no entanglement of a non-split link is split. Suppose to the
contrary that a split link L is a K-entanglement for a non-split link L′. By
the definition of entanglements, this implies that there exist an embedded solid
torus V in S3 and a re-embedding φ : V → S3 such that the following conditions
hold:
• V is a tubular neighborhood of a closed curve representing K;
• L lies in the interior of V and the wrapping number of L in V is at least 2;
• the solid torus φ(V ) is unknotted;
• φ maps a longitude of V to a longitude of φ(V );
• we have φ(L) = L′.
We observe that V is nontrivially knotted because otherwise we have L = L′.
Claim 1. The torus ∂V is incompressible in S3 \ L.
It is well known that the complement of any nontrivial knot is boundary in-
compressible while the only compressing disks in a solid torus are meridional ones
(see, e. g., [BZH13, Propositions 3.10 and 3.12 and Exercise E 2.9] and [Hat00,
p. 15, Example before Lemma 1.10]). Since the wrapping number of L in V is
nonzero, it follows that no compressing disk for ∂V is contained in V \ L. This
proves the claim.
Now, let S2 be a splitting sphere for L in S3 \ L. It may be assumed that S2
intersects ∂V transversely in simple closed curves and that the intersection S2∩∂V
has the minimal number of components among all splitting spheres for L.
If S2 ∩ ∂V = ∅, then S2 lies in V because V contains L. This readily implies
that φ(S2) splits φ(L) = L′ because S2 bounds a ball in V . A contradiction.
If S2 ∩ ∂V 6= ∅, then a component of S2 \ ∂V is a disk. We denote the closure
of this disk by D. Since ∂V is incompressible in S3 \ L (see Claim 1), it follows
that ∂D bounds a disk, say d, in ∂V .
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If the sphere D∪d splits L, then D∪d is isotopic to a splitting sphere for L that
does not intersect ∂V , which contradicts the assumed minimality of the number
of components in S2 ∩ ∂V .
If D ∪ d does not split L, then D ∪ d bounds a ball in S3 \ L. Therefore, by
an isotopy of S2 in a neighborhood of this ball, we can eliminate the component
∂D of S2 ∩ ∂V . This contradicts the same assumption on the minimality of the
number of components in S2 ∩ ∂V . This contradiction completes the proof of
assertion (i) of Proposition 1.
4. Proof of Assertion (ii) of Proposition 1
We show that the reliable K-entanglements of prime non-split links are prime.
Suppose to the contrary that a composite link L is a reliable K-entanglement
for a prime non-split link L′. By the definition of reliable entanglements, this
implies that there exist an embedded solid torus V in S3 and a re-embedding
φ : V → S3 such that the following conditions hold:
• V is a tubular neighborhood of a closed curve representing K;
• L lies in the interior of V and a pair of distinct components of L have
nonzero wrapping number in V each;
• the solid torus φ(V ) is unknotted;
• φ maps a longitude of V to a longitude of φ(V );
• we have φ(L) = L′.
We observe that V is nontrivially knotted because otherwise we have L = L′.
Since L is composite, it follows that S3 contains a sphere S2 intersecting L trans-
versely in two points such that neither of (B1, B1 ∩ L) and (B2, B2 ∩ L), where
B1 and B2 are the closures of the components of S
3 \ S2, is a trivial one-string
tangle. It may be assumed that S2 intersects ∂V transversely in simple closed
curves and that the intersection S2 ∩ ∂V has the minimal number of components
among all decomposition spheres for L.
If S2 ∩ ∂V = ∅, then S2 lies in V because V contains L. Then S2 bounds a
ball, say B1, in V . We observe that at least two components of L intersect V \B1
because a pair of distinct components of L have nonzero wrapping number in V
while if a component is contained in B1 then it has zero wrapping number in V .
Therefore, the tangle (φ(B1), φ(B1)∩L′) is not a trivial one-string tangle because
it is equivalent to (B1, B1 ∩ L) and the tangle
(clos(S3 \ φ(B1)), clos(S3 \ φ(B1)) ∩ L′)
is not a trivial one-string tangle because clos(S3 \ φ(B1) intersects at least two
components of L′. This means that L′ is composite in contradiction to our as-
sumptions.
If S2 ∩ ∂V 6= ∅, then a pair of distinct component of S2 \ ∂V are disks. We
denote the closures of these disks by D1 and D2. Since S
2 intersects L in two
points, it follows that at least one of these disks intersects L in at most one point.
Without loss of generality we assume that D1 intersects L in at most one point.
Since ∂V is incompressible in S3 \ L (see Claim 1), it follows that ∂D1 bounds a
disk, say d, in ∂V . Since D1 ∪ d is a sphere, D1 intersects L in at most one point,
and d ⊂ ∂V does not intersect L, it follows that D1 ∪ d does not intersect L. By
assertion (i) of the proposition, L is non-split. Therefore, D1 ∪ d bounds a ball
in S3 \ L. Consequently, by an isotopy of S2 in a neighborhood of this ball, we
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can eliminate the component ∂D1 of S
2 ∩ ∂V , which contradicts the assumption
on the minimality of the number of components in S2 ∩ ∂V . This contradiction
completes the proof of assertion (ii) of Proposition 1.
5. Proof of Assertion (iii) of Proposition 1
We show that if K is a prime knot then the K-entanglements over distinct links
that are not K-entanglements are distinct.
Suppose to the contrary that there exist links L1, L2, and L such that L1 6=
L2, L is a K-entanglement for each of L1 and L2, and neither of L1 and L2 is
a K-entanglement. By the definition of entanglements, this means that there
exist embedded solid tori V1 and V2 in S
3 and re-embeddings φ1 : V1 → S3 and
φ2 : V2 → S3 such that, for each i ∈ {1, 2}, the following conditions hold:
• Vi is a tubular neighborhood of a closed curve representing K;
• L lies in the interior of Vi and the wrapping number of L in Vi is at least 2;
• the solid torus φi(Vi) is unknotted;
• φi maps a longitude of Vi to a longitude of φi(Vi);
• we have φi(L) = Li.
Claim 2. If L is split then it has a (unique) non-split component that is a K-en-
tanglement for two distinct links that are not K-entanglements.
Indeed, the proof of assertion (i) of Proposition 1 shows that if L is split then V1
contains a ball B whose boundary splits L. Since B∩L has zero wrapping number
in V1, it follows that the wrapping number of L \ B in V1 equals the wrapping
number of L in V1. Therefore, L \ B is a K-entanglement for φ1(L \ B) and L1
is the union of φ1(L \B) and φ1(L ∩B) = L ∩B. If L \B is split, we repeat the
argument. Induction shows that L has a (unique) non-split component L′1 that
is a K-entanglement for φ1(L
′
1) and L1 is the union of φ1(L
′
1) and φ1(L \ L′1) =
L \ L′1. Applying this argument for V2 yields that L has a (unique) non-split
component L′2 that is a K-entanglement for φ2(L
′
2) and L2 is the union of φ2(L
′
2)
and φ2(L \L′2) = L \L′2. It remains to notice that L′1 = L′2 because otherwise L1
is a K-entanglement of a union of φ1(L
′
1), φ2(L
′
2), and L \ (L′1 ∪ L′2). The claim
is proved.
Thus, it is enough to consider the case where L is nonsplit, which we assume
in the rest of the proof.
Claim 3. The tori ∂V1 and ∂V2 are both incompressible in S
3 \ L.
See Claim 1.
Claim 4. There is no isotopy between ∂V1 and ∂V2 in S
3 \ L.
Suppose to the contrary that such an isotopy exists. The classical Isotopy Ex-
tension Theorem (for smooth manifolds) says that if A is a compact submanifold of
a manifoldM and F : A×I →M is an isotopy of A with F (A×I) ⊂ int(M), then
F extends to an ambient isotopy (i. e., a diffeotopy ofM) having compact support
(see, e. g., [Hir76, p. 179]). Applying this theorem to the isotopy between ∂V1 and
∂V2 in S
3 \ L implies that there exists an ambient isotopy of S3, fixing L point-
wise, that moves ∂V1 to ∂V2. This yields an isotopy between V1 and V2 that fixes
L pointwise. Then the triples (V1, L, ℓ1) and (V2, L, ℓ2), where ℓi is a longitude
of Vi, i = 1, 2, are homeomorphic, i. e., there exists a homeomorphism τ : V1 → V2
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such that τ(L) = L and τ(ℓ1) = ℓ2. This implies that the pairs (S
3, φ1(L)) and
(S3, φ2(L)) are homeomorphic. Indeed, we observe that (S
3, φi(L)) is obtained
from (Vi, L) by a Dehn filling along ℓi, that is, (S
3, φi(L)) is obtained by attaching
a solid torus V to Vi by a gluing homeomorphism σi : ∂V → ∂Vi such that σ−1i (ℓi)
bounds a meridional disk of V . Thus, the homeomorphism τ : V1 → V2 extends
to a homeomorphism S3 → S3 that maps φ1(L) to φ2(L). This contradicts the
assumption that the links L1 and L2 are distinct because we have φi(L) = Li by
construction. Claim 4 is proved.
Claim 5. There is no isotopy of S3 that fixes L pointwise and moves V1 to a
position where either V1 ⊂ V2 or V2 ⊂ V1.
Suppose to the contrary that such an isotopy exists. We consider the case with
V1 ⊂ V2. (The case with V2 ⊂ V1 is equivalent.) Since there is no isotopy between
∂V1 and ∂V2 in clos(S
3 \ V1) ⊂ S3 \ L (Claim 4), it then follows that ∂V2 is
an essential (incompressible, non-boundary parallel) torus in clos(S3 \ V1). This
means that K is a nontrivial satellite (and companion) of itself. However, this is
impossible. Indeed, let f : clos(S3 \ V1) → clos(S3 \ V2) be a homeomorphism.
Then the infinite sequence
f(∂V2), f(f(∂V2)), f(f(f(∂V2))), . . .
yields an infinite collection of disjoint incompressible connected surfaces which
are pairwise nonparallel. This contradicts the well-known Finiteness Principles
(Haken’s Parallelism Principle) saying that any Haken manifold contains only
a bounded number of disjoint incompressible boundary incompressible connected
surfaces which are pairwise nonparallel and that the number of equivalence classes
of incompressible tori is finite for any Haken manifold (see, e. g., [Mat07, The-
orems 6.3.10 and 6.4.44]; [Hem76, p. 140] and [BS16, p. 28] for the case of link
complements).
We split the further proof in the following two cases:
Case A. There exists an isotopy of ∂V1 in S
3 \ L that moves ∂V1 to a position
where ∂V1 ∩ ∂V2 = ∅.
Case B. No isotopy of ∂V1 in S
3 \L moves ∂V1 to a position where ∂V1 ∩ ∂V2 = ∅.
5.1. Proof in Case A. In Case A, the Isotopy Extension Theorem (see above)
implies that there exists an ambient isotopy of S3, fixing L pointwise, that moves
V1 to a position where ∂V1 ∩ ∂V2 = ∅. Thus, we can assume without loss of
generality that ∂V1 ∩ ∂V2 = ∅ (while V1 and V2 satisfy all of the properties listed
at the beginning of the proof). Now, let M1 and M2 denote the closures of the
complements S3\V1 and S3\V2, respectively. Then Claim 5 implies the following.
Claim 6. In Case A, M1 and M2 are disjoint.
Another fact that we need is implied by the following proposition.
Proposition 3. Let C1, C2, . . . , Cn be n disjoint submanifolds of S
3 such
that Ki = clos(S
3 \ Ci) is a nontrivially embedded solid torus in S3 for all
i ∈ {1, 2, . . . , n}. Then there exist n disjointly embedded 3-balls B1, B2, . . . ,
Bn ⊂ S3 such that Ci ⊂ Bi for all i ∈ {1, 2, . . . , n}. Moreover, each Bi can be
chosen to be Ci union a 2-handle which is a tubular neighborhood of a meridional
disk for Ki.
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Proof. See [Bud06, Proposition 2.1, p. 324] and references therein for earlier proofs.

Applying Proposition 3 to M1 and M2, we obtain the following claim.
Claim 7. In Case A, there exists a meridional disk D2 for V2 such that D2 ⊂ V1.
Now, since M1 and M2 are disjoint, we have M2 ⊂ V1. Therefore, the image
φ1(M2) is well defined. We consider the complement W := S
3 \ φ1(int(M2)). By
Alexander’s theorem on embedded tori in S3, we observe that W is a knotted
solid torus because we know that the boundary ∂W = ∂φ1(M2) = φ1(∂M2) =
φ1(∂V2) is a torus while the complement S
3\W = φ1(int(M2)) is homeomorphic to
int(M2), which is the complement of the knotted solid torus V2. By the Gordon–
Luecke theorem (see [GL89, GL89’]), the knot complement determines the knot.
Therefore, W is a tubular neighborhood of a closed curve representing K. We
see that W contains φ1(L) by construction. Finally, we see that the wrapping
number of φ1(L) in W is equal to the wrapping number of L in V2 because there
exists a meridional disk D2 for V2 such that D2 ⊂ V1 (see Claim 7), so that φ1
maps D2 to a meridional disk ofW . Therefore, φ1(L) is contained in a K-knotted
solid torus W and the wrapping number of φ1(L) in W is at least 2. This means
that φ1(L) = L1 is a K-entanglement, which contradicts the assumption. This
contradiction completes the proof of assertion (iii) of Proposition 1 in Case A.
5.2. Proof in Case B. Our proof for Case B is in the standard framework of JSJ
decomposition theory (see, e. g., [Hat00, Bud06, Mat07] and references therein).
Let UL be a closed tubular neighborhood of L in S
3 such that ∂V1 and ∂V2 are
both contained in S3 \UL and let CL = clos(S3 \UL). Then CL is prime because
we assume that L is non-split. The JSJ-decomposition theorem implies that CL
contains a (unique up to isotopy) collection of embedded, incompressible tori T
such that
• if one removes an open tubular neighbourhood UT of T from CL then
the resulting manifold CL \ UT is a disjoint union of Seifert-fibered and
atoroidal manifolds;
• no proper subcollection of T has the preceding property.
If F is an incompressible surface in a prime 3-manifold M and T is a collection
of tori in M that gives the JSJ-decomposition, then there is an isotopy of F in
M that moves F to a position where F ∩ T = ∅ (see, e. g., [Mat07, Sec. 6.4]).
Since the tori ∂V1 and ∂V2 are both incompressible in CL (Claim 3), we can apply
the Isotopy Extension Theorem (see above) and assume without loss of generality
that neither ∂V1 nor ∂V2 intersects UT . Then the initial assumption of Case B
implies
Claim 8. In Case B, ∂V1 and ∂V2 are contained in the same connected compo-
nent, say E, of CL \UT and neither ∂V1 nor ∂V2 is boundary parallel in E. Since
∂V1 and ∂V2 are incompressible, this implies that E is a Seifert-fibered manifold.
The classification of Seifert-fibered manifolds arising as JSJ-chambers for link
complements in S3 is well-known. See [Bud06]. In particular, the proof of [Bud06,
Proposition 4] implies that one of the following holds:
Case B1. E fibers, with 2 singular fibers, over the sphere with n ≥ 1 holes.
In this case, E is the complement of a tubular neighborhood of n regular
fibers in a Seifert-fibering of S3.
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Case B2. E fibers, with 1 singular fiber, over the sphere with n ≥ 2 holes.
In this case, E is the complement of a tubular neighborhood of n − 1
regular fibers in a Seifert-fibering of an embedded solid torus in S3.
Case B3. E fibers, with no singular fibers, over the sphere with n ≥ 3 holes.
In this case, one of the following holds (the subcases are not mutually
exclusive):
Case B3a. E is the complement of a tubular neighborhood of n − 1 fibers in a
trivial Seifert-fibering of an embedded solid torus in S3.
Case B3b. E is the complement of a tubular neighborhood of n−2 regular fibers
and the singular fiber in a Seifert-fibering of an embedded solid torus
in S3.
Case B3c. A component Y of clos(S
3\E) is a solid torus such that the meridians
of Y are fibers of E.
It is well known that any incompressible torus in a connected compact irre-
ducible Seifert-fibered manifold with nonempty boundary is isotopic to a surface
that is a union of regular fibers (see, e. g., [Hat00, Proposition 1.11]). Once more,
we can apply the Isotopy Extension Theorem (see above) and assume without
loss of generality that both ∂V1 and ∂V2 are unions of regular fibers. Then each
of ∂V1 and ∂V2 determines a simple closed curve in the base of E. Let ∆ denote
the base of E and let γ1 and γ2 be the curves in ∆ representing ∂V1 and ∂V2,
respectively. Before considering Cases B1–B3c separately, we list several obvious
general properties of γ1 and γ2.
Claim 9. • Neither γ1 nor γ2 bounds in ∆ a disk with ≤ 1 singular point
because neither ∂V1 nor ∂V2 is compressible.
• Neither γ1 nor γ2 is isotopic (rel. singular points) to a boundary compo-
nent of ∆ because neither ∂V1 nor ∂V2 is boundary parallel in E.
We say that a simple closed curve γ in ∆ is L-separating if L intersects both
components of S3 \ γ˜, where γ˜ is the lift of γ to E ⊂ S3.
Claim 10. • Neither γ1 nor γ2 is L-separating.
• If γ is a non-L-separating simple closed curve in int(∆) and C1, C2 are
two L-separating curves in ∆\γ, then C1 and C2 lie in the same connected
component of ∆ \ γ.
• If two distinct components X and Y of clos(S3 \E) are solid tori, then the
boundary components of ∆ representing ∂X and ∂Y are both L-separating.
Now, we study Cases B1–B3c separately.
5.2.1. Proof in Case B1. In this case, ∆ is a sphere with n ≥ 1 holes and 2 sin-
gularity points. First, we observe that under our assumptions we have n ≥ 2 be-
cause otherwise no simple closed curve in ∆ satisfies the requirements of Claim 9.
Then, since in Case B1 each component of clos(S
3 \ E) is a solid tori, it follows
by Claim 10 that all of the boundary components of ∂∆ are L-separating and lie
in the same component of ∆ \ γi. Therefore, another component of ∆ \ γi should
contain both of the singularity points. It then readily follows that there is an
automorphism f of ∆ such that
• f is an identity on some neighborhoods of the singularity points;
• f is an identity on ∂∆;
• f(γ1) = γ2.
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The lift f˜ : E → E of f yields an automorphism F of S3 such that
• F is an identity on (S3 \ E) ⊃ L;
• F (∂V1) = ∂V2.
Since V1 and V2 are nontrivially knotted, it follows that F (V1) = V2. This means
that the triples (S3, V1, L) and (S
3, V2, L) are homeomorphic, which implies that
L1 = L2. This contradiction completes the proof in Case B1.
5.2.2. Proof in Case B2. This case is similar to that of B1. In Case B2, ∆ is a
sphere with n ≥ 2 holes and 1 singularity point. First, we observe that under our
assumptions we have n ≥ 3 because otherwise no simple closed curve in ∆ satisfies
the requirements of Claim 9. Then, since in Case B2 at least n − 1 components
of clos(S3 \E) are solid tori, it follows by Claim 10 that the corresponding n− 1
components of ∂∆ are L-separating and lie in the same component of ∆ \ γi.
Therefore, another component of ∆ \ γi should contain the singularity point and
precisely 1 component C of ∂∆. The remaining argument repeats that of Case B1
verbatim.
5.2.3. Proof in Cases B3a and B3b. In these cases, ∆ is a sphere with n ≥ 3 holes
and no singularity points. We see that, in both these cases, at least n − 1 ≥
2 components of clos(S3 \ E) are solid tori. Then Claim 10 implies that the
corresponding n − 1 components of ∂∆ are L-separating and lie in the same
component of ∆ \ γi. Therefore, each of γ1 and γ2 is isotopic to the non-L-
separating component of ∂∆. This contradicts Claim 9.
5.2.4. Proof in Case B3c. We will prove that in Case B3c, the only possibility
for V1 and V2 is to represent a composite knot type, in contradiction to the as-
sumption that K is prime. In fact, this can be easily seen from related geometric
constructions presented in [Bud06]. However, copying and explaining these con-
structions here would take a lot of place, so we prefer less intuitive but shorter
way of proof.
In Case B3c, a component Y of clos(S
3 \ E) is a solid torus such that the
meridians of Y are fibers of E. We introduce the following notation. If γ is a
simple closed curve in ∆ and γ˜ is the lift of γ to E, we denote by Y (γ) the closure
of the connected component of S3 \ γ˜ containing int(Y ). We denote by γY be the
component of ∂∆ representing ∂Y .
Claim 11. If γ is a simple closed curve in ∆, then Y (γ) is a solid torus whose
meridians are fibers of E.
Let α be a simple arc in ∆ with the endpoints at γ and γY such that the
only intersection points of α and γ ∪ γY are these endpoints. Then α lifts to an
annulus α˜, in E, and the endpoint α ∩ γY lifts to a meridian of Y . Attaching an
appropriate meridional disk of Y to α˜, we obtain a disk, say D. We observe that
D ∩ ∂Y (γ) = ∂D and that ∂D does not bounds a disc in ∂Y (γ) because if ∂D
bounds a diskD′ in ∂Y (γ) then a core curve of Y would intersect the sphereD∪D′
transversely in a single point, which is impossible. Therefore, D is a compressing
disk for Y (γ). By Alexander’s theorem on embedded tori, Y (γ) is either a solid
torus or a nontrivial knot complement. Since nontrivial knot complements are
boundary irreducible (see, e. g., [BZH13, Proposition 3.10]), it follows that Y (γ)
is a solid torus whose meridians are fibers of E.
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Claim 12. We have Y (γ1) = V1 and Y (γ2) = V2.
Since ∂Y is incompressible in S3 \L, it follows that Y intersects L. Therefore,
Vi contains Y because Vi contains L. Then we have Y (γi) = Vi by definition of
Y (γi).
Claim 13. If C is a non-L-separating component of ∂∆, then Y (C) is nontrivially
knotted.
We observe that the lift C˜ ′ of a component C ′ of ∂∆ is incompressible in S3\L.
Therefore, if C˜ ′ is trivially knotted, both components of S3 \ C˜ ′ intersect L so
that C ′ is L-separating.
Without loss of generality we can assume that γ1 lies in int(∆).
Claim 14. If C is a component of ∂∆ such that C and γY lie in distinct compo-
nents of ∆ \ γ1, then C is non-L-separating.
We denote by C˜ the lift of C in E and define a graph Γ as follows.
• The vertices of Γ correspond to the connected components of the space S3\
(C˜ ∪ ∂V1 ∪ ∂Y );
• The vertices of Γ correspond to the elements of the set F := {C˜, ∂V1, ∂Y };
• A pair of vertices of Γ are connected by an edge if and only if the closures
of the components corresponding to these vertices both contain the same
torus of F .
Since S3 is connected, it follows that Γ is connected.
Since each of {C˜, ∂V1, ∂Y } splits S3, it follows that each edge of Γ is a bridge.
Therefore, Γ is a tree.
Since we assume that C and γY lie in distinct components of ∆ \ γ1, it follows
that C˜ and ∂Y lie in distinct components of S3 \ ∂V1. This means that the
∂V1-edge separates the edges corresponding to C˜ and ∂Y .
Therefore, Γ is a linear tree. This implies in particular that Y (C) ⊃ V1 ⊃ Y .
Then Y (C) contains L because V1 contains L. This implies the claim.
Claim 15. If a θ-graph with the edges α1, α2, and α3 is embedded in int(∆) such
that γY and the interior of the edge α2 lie in distinct components of ∆\ (α1∪α3),
then the knot type represented by Y (α1 ∪α3) is a connected sum of the knot types
represented by Y (α1 ∪ α2) and Y (α2 ∪ α3).
We observe that any section of the lift of θ gives an embedding f : θ → S3 such
that for any i 6= j ∈ {1, 2, 3} the curve f(αi ∪ αj) is isotopic in Y (αi ∪ αj) to a
core curve of Y (αi ∪ αj). This implies that f(αi ∪ αj) represents the same knot
type as Y (αi ∪ αj) does. Now, let a2 be a simple arc in ∆ with endpoints at γY
such that a2 ∩ θ = α2. Since the lifts of the endpoints of a2 are meridians of Y , it
follows that there exist a pair of disjoint meridional disks in Y completing the lift
of a2 to a sphere S
2 in S3. We see that S2 contains f(α2) and separates f(α1)
and f(α3). This clearly implies the claim.
Now, we deduce from the above claims that K is composite. Let ∆1 be the
connected component of ∆ \ γ1 that does not contain γY . Claim 9 implies that
∆1 contains at least two components of ∂∆. Let C1, . . . , Ck, k ≥ 2, denote
these components and let K1, . . . , Kk denote the knot types represented by the
solid tori Y (C1), . . . , Y (Ck), respectively. Claim 14 implies that each of C1, . . . ,
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Ck is non-L-separating. Then Claim 13 implies that each of Y (C1), . . . , Y (Ck)
is nontrivially knotted. We observe that Claims 12 and 15 imply that the knot
type K of Y (γ1) = V1 is a connected sum of K1, . . . , Kk. Since k ≥ 2 and each
of K1, . . . , Kk is nontrivial, it follows that K is composite.
6. Proof of Assertion (iv) of Proposition 1
6.1. The case of multicomponent links. We show that if L is a prime non-split
link with at least two components, then there exists a reliable K-entanglement L′
for L with cr(L′) ≤ cr(L) + 6 cr(K). (Then assertions (i) and (ii) will imply that
this K-entanglement is non-split and prime.)
Let DL be a minimal diagram of L in the unit sphere
(4) S2 = {(x, y, z) ∈ R3 :
√
x2 + y2 + z2 = 1}.
Since L has at least two components, it follows that there exists a disk δ ⊂ S2 such
that the boundary ∂δ intersectsDL transversely in four points and the intersection
δ ∩DL consists of two simple disjoint arcs corresponding to distinct components
of L. Applying a homeotopy of S2, we can assume without loss of generality that
(5) δ = S2+ := {(x, y, z) ∈ S2 : x ≥ 0}.
Furthermore, we can carry out an additional homeotopy of S2 (preserving δ set-
wise) that moves DL to a position where DL is contained in the annulus
(6) A := {(x, y, z) ∈ S2 : |z| ≤ 1/100}
and the intersection of DL with the semiannulus
(7) A+ := {(x, y, z) ∈ A : x ≥ 0}
is the pair of semicircles
(8) (∂A)+ := {(x, y, z) ∈ ∂A : x ≥ 0}.
Now, let DK be a smooth minimal diagram of K in the plane R
2 ⊂ R3. If DK
has nonzero writhe, we transform DK into a diagram D
′
K with zero writhe, by a
series of type I Reidemeister moves. Since the (absolute value of the) writhe of
a knot diagram does not exceed the number of crossings of the diagram, we can
assume that
cr(D′K) ≤ 2 cr(DK) = cr(K).
Next, let AK be a knotted smooth embedded annulus in R
3 such that
– each component of ∂AK represents K;
– the projection R3 → R2 restricts to a smooth map π : AK → R2;
– a component of ∂AK smoothly projects to DK ;
– the set of multiple points of π : AK → R2 consists of cr(D′K) domains;
each of these domains is a geometric lozenge in R2 containing a crossing
of D′K ; all multiple points are double points.
Let f : A → AK be a homeomorphism. We observe that since D′K has zero
wreathe, it follows by construction that the components of ∂AK has zero linking
number. Therefore, the link L′ obtained from the diagram f(DL) via natural
pushing out into a neighborhood of AK is a (reliable) K-entanglement for L.
Applying a homeotopy of AK , we can move f(A−), where
A− := {(x, y, z) ∈ A : x ≤ 0},
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to a position where π : AK → R2 is injective on f(A−). We observe that π(f(DL))
yields a diagram, say DL′ , of L
′. Since π is injective on f(A−) and the intersection
of DL with A+ is (∂A)+, it follows that the number of crossings in DL′ is
cr(DL) + 4 cr(D
′
K) ≤ cr(L) + 8 cr(K).
Furthermore, every four crossings of DL′ corresponding to a crossing of D
′
K that
appeared as the result of type I Reidemeister move needed to zero the writhe,
obviously can be reduced to a pair of crossings. This implies that we have
cr(L′) ≤ cr(L) + 6 cr(K).
Thus, L′ is a reliable (hence non-split and prime by assertions (i) and (ii)) K-en-
tanglement for L with cr(L′) ≤ cr(L) + 6 cr(K), as required.
6.2. The case of knots. We show that if K is nontrivial knot and P is a 23 -
regular prime knot, then there exists a prime K-entanglement P ′ for P with
cr(P ′) ≤ cr(P ) + 6 cr(K).
The proof is similar to that in the case of multicomponent links. Let DP be a
minimal diagram of P in the unit sphere (4). Since P is 23 -regular, it follows from
[Mal18, Proposition 8.1 and Definition 7.1] that there exists a 2-disk δ ⊂ S2 such
that:
• the boundary ∂δ intersects DP transversely in four points;
• the intersection δ ∩DP consists of two simple disjoint arcs;
• the 2-string tangle (say, (B, t)) represented by the diagram d∩DP , where
d stands for the complementary disk S2 \ int(δ), is locally trivial.
Applying a homeotopy of S2, we can assume without loss of generality that δ = S2+
(see (5)). Furthermore, following the above proof in the case of multicomponent
links, we can carry out an additional homeotopy of S2 (preserving δ setwise) that
moves DP to a position where DP is contained in the annulus A (see (6)) and the
intersection of DP with the semiannulus A+ (see (7)) is the pair of semicircles
(∂A)+ (see (8)). Then we repeat the proof of the case of multicomponent links
verbatim (except replacing L with P and L′ with P ′) and construct a knot P ′
with cr(P ′) ≤ cr(P ) + 6 cr(K). The difference is that P has a single component
so that P ′ is not a reliable K-entanglement. In particular, assertion (ii) is not
applicable. Thus, to complete the proof it remains to show that
(1) P ′ is a K-entanglement for P ;
(2) P ′ is prime.
In order to show that P ′ is a K-entanglement for P , it is enough to check
that if VA is a solid torus obtained as a tubular neighborhood of A in R
3, then a
representative of P obtained via natural pushing out of DP into VA has wrapping
number 2 in VA. This readily follows by Lemma 1 because the condition that the
2-string tangle (B, t) represented by the diagram d ∩DP is locally trivial implies
that d ∩DP is connected (the option where d ∩DP is locally trivial being a pair
of disjoint simple arcs is excluded by the condition that P is a nontrivial knot).
The primeness of P ′ follows from results obtained in [Mal18]. We observe
that, by construction, P ′ is a sum of a K-knotted cable tangle and the tangle
(B, t), which is either prime or trivial (being locally trivial). Each nontrivial
cable tangle is prime (see [Mal18, Lemma 6.2]). If (B, t) is prime, then P ′ is
prime by [Lick81, Theorem 1]. If (B, t) is trivial, then P ′ is prime by [Mal18,
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Lemma 6.3] (Lemma 6.3 of [Mal18] implies that P ′ is either prime or trivial if
(B, t) is trivial; however, P ′ is nontrivial being a satellite knot).
6.3. An auxiliary lemma on wrapping numbers.
Definition 3 (Wrapping numbers of curves). We say that a piecewise smooth
curve γ : S1 → F in a surface F is regular if γ has only finitely many multiple
points, all these multiple points are double points, and the intersections in all these
multiple points are transverse. By the wrapping number of a regular curve γ =
γ(S1) in an annulus A we mean the minimum number of intersections of γ with any
arc in A with endpoints at distinct components of ∂A that contains no multiple
points of γ.
Let A be an annulus and let N : S1 → V be a knot in the solid torus V =
A× [0, 1]. We denote by p the natural projection
p : A× [0, 1] → A, (x, t) 7→ x.
We say that a knot N : S1 → V is in a regular position (with respect to p) if p◦N
is a regular curve. Two knots N1 and N2 in V are equivalent if there exists an
ambient isotopy of V moving N1 to N2. We say that a knot N : S
1 → V is in a
minimal position (with respect to p) if N is in a regular position and the number
of double points in p(N) is minimal over all knots in regular positions equivalent
to N . Let N : S1 → V be a knot in a regular position. Obviously, the wrapping
number of p(N) in A is greater or equal to the wrapping number of N in V .
Lemma 1. If the wrapping number of p(N) in A equals 2 and N is in a minimal
position, then the wrapping number of N in V = A× [0, 1] equals 2 as well.
Proof. Suppose to the contrary that the wrapping number of N in V is less than 2.
The standard parity argument implies that the wrapping number of N in V is
even. Thus, this number is zero. Then V contains a ball B containing N . Let V˜
and A˜ be the universal covering spaces of V and A, respectively, and let p˜ : V˜ → A˜
be a lift of p. Let B˜′ be a component of the lift of B in V˜ , and let N˜ ′ be the
component of the lift of N contained in B˜′.
Since the wrapping number of p(N) in A equals 2, it follows that A contains
a simple arc a with endpoints at distinct components of ∂A such that a inter-
sect p(N) at precisely two points, these points are regular points of p(N) and the
intersections are transverse. Let α denote the disk a× [0, 1], let N1 and N2 be the
components of N \ α, let α˜′ be the component of the lift of N intersecting N˜ ′1,
and let N˜ ′1 and N˜
′
2 be the lifts of N1 and N2, respectively, contained in N˜
′.
We observe that α˜′ splits V˜ in two components and that N˜ ′1 and N˜
′
2 lie in
distinct components of V˜ \ α˜′. Consequently, the projections p˜(N˜ ′1) and p˜(N˜ ′2) are
disjoint.
At the other hand, we easily see that the curve p˜(N˜ ′) provides a diagram for
the knot N˜ ′ in int(B˜′). Since the pairs (B˜′, N˜ ′) and (B,N) are homeomorphic,
it follows that, for each diagram D for N˜ ′ in int(B˜′) there exists a homeotopy of
B that moves N to a position N∗ such that the curve p(N∗) is combinatorially
equivalent to D. This means in particular that the number of crossings of p˜(N˜ ′)
is not less than that of p(N) because the former supposed to be minimal possible
for the ambient isotopy type of N in V .
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The number of crossings in p(N) is the sum of the numbers of crossings in
p(N1), in p(N2), and between p(N1) and p(N2). The number of crossings in p˜(N˜
′)
is the sum of the numbers of crossings in p˜(N˜ ′1), in p˜(N˜
′
2), and between p˜(N˜
′
1) and
p˜(N˜ ′2). Since the number of crossings in p˜(N˜
′
i), i = 1, 2, is not less than that in
p(Ni), it follows that p(N1) and p(N2) are disjoint. However, in this case there
exists a simple arc with endpoints at distinct components of ∂A that does not
intersect p(N). This implies that the wrapping number of p(N) in A is 0. The
obtained contradiction proves the lemma. 
7. Proof of Proposition 2
We prove that the proportion of non-34 -regular prime knots among all of the
prime non-split links of n or fewer crossings converges to 0 as n approaches infinity.
Our proof uses the concept of diagrammatically prime knots and links.
Definition 4 (Diagrammatically prime knots and links). A link diagram D in R2
is called prime if D is connected and if any circle in R2 intersecting D transversely
in two points cuts a simple subarc from D. We say that a link L is weakly
diagrammatically prime if a minimal plane diagram representing L is prime. We
say that L is strongly diagrammatically prime if all of the minimal plane diagrams
of L are prime.
Remark 5. Obviously, each prime non-split link is strongly diagrammatically
prime. The conjecture that the crossing number of knots is additive with re-
spect to connected sum is equivalent to the conjecture that no composite knot is
strongly diagrammatically prime.
Lemma 2. If there exists a non-x-regular prime knot P with 0 < x ≤ 1 then there
exists a strongly diagrammatically prime composite knot K with cr(K) < x · cr(P )
such that P is a factor of K.
Proof. We say that a knot K is Px-special if P is a factor of K and cr(K) <
x · cr(P ). If P a non-x-regular knot, then the set of Px-special knots is nonempty
by definition. Let K be a Px-special knot with minimal crossing number in the
set of Px-special knots. Since we have x ≤ 1, it follows that K 6= P and hence
K is composite. If there exists a composite minimal diagram of K, then K is a
sum of two nontrivial knots K1 and K2 such that cr(K1) < cr(K) and cr(K2) <
cr(K). Since P is a factor of K, it follows by the Unique Factorization Theorem
by [Schu49] that P is a factor of either K1 or K2. Without loss of generality we
can assume that P is a factor of K1. Since cr(K1) < cr(K) < x · cr(P ), it follows
that K1 is Px-special, which contradicts the assumption that K is a Px-special
knot with minimal crossing number. This contradiction shows that all diagrams
of K are prime. This completes the proof. 
Lemma 3. Let {NxRPKr} denote the set of all non-x-regular prime knots of r or
fewer crossings, and let {SDPKr} denote the set of all strongly diagrammatically
prime knots of r or fewer crossings. Then for any r > 0 and x ∈ (0, 1] we have
(9) card{NxRPKr} ≤ card{SDPKrx}
152 · x .
Proof. If {NxRPKr} is empty, then (9) is trivially true. If {NxRPKr} is not
empty, then Lemma 2 implies that there exists a function
f : {NxRPKr} → {SDPKrx}
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sending P ∈ {NxRPKr} to a strongly diagrammatically prime composite knot
f(P ) with factor P such that
(10) cr(f(P )) < x · cr(P ).
A result of [La09] states that for any set of (oriented) knots K1, . . . , Kn in the
3-sphere we have
(11)
cr(K1) + · · ·+ cr(Kn)
152
≤ cr(K1♯ . . . ♯Kn).
If K lies in the codomain f({NxRPKr}), let P be a knot in f−1(K) having the
smallest crossing number among the elements of f−1(K). Then (11) implies that
(12)
card(f−1(K)) · cr(P )
152
≤ cr(K).
We observe that (10) and (12) imply that for each knot K in {SDPKrx} we have
card(f−1(K)) < 152 · x.
This implies the required inequality. 
Lemma 3 implies that for any r > 0 and x ∈ (0, 1] we have
(13) lim sup
r→∞
r
√
card{NxRPKr} ≤ lim sup
r→∞
r
√
card{SDPKrx}
152 · x
= lim sup
r→∞
r
√
card{SDPKrx} =
(
lim sup
r→∞
rx
√
card{SDPKrx}
)x
=
(
lim sup
r→∞
r
√
card{SDPKr}
)x
.
We observe that
lim sup
r→∞
r
√
card{SDPKr} ≤ lim sup
r→∞
r
√
r · card{sdpkr} = lim sup
r→∞
r
√
card{sdpkr},
where {sdpkr} is the set of all strongly diagrammatically prime knots of pre-
cisely r crossings. Estimates for lim supr→∞
r
√
card{sdpkr} can be derived from
the papers [Wel92, STh98, St04]. These papers contain estimates for the number
of prime link diagrams and for the number of prime link diagrams modulo flypes.
These estimates can be used for prime links and for diagrammatically prime links
as well. Results of [St04] (already used above) imply that
lim sup
r→∞
r
√
card{sdpkr} ≤
√
13681 + 91
20
< 10.4.
Therefore, we have
lim sup
r→∞
r
√
card{NxRPKr} < (10.4)x.
In particular, we have
lim sup
r→∞
r
√
card{N 3
4
RPKr} < (10.4)
3
4 < 5.8.
This implies the required statement because results of [STh98] say that
lim inf
r→∞
r
√
Pr ≥
√
21001 + 101
40
> 6.14,
where Pr stands for the number of prime non-split links of n or fewer crossings.
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